Parafermi Algebra and Interordinality 

U. Merkel 

D-70569 Stuttgart, Universitatsstr. 38 

Abstract 

The article starts with the observation that the order of the parafermi operator, called paraorder p, provides a benchmark for establishing 

an interordinal operator relation. In the following it is shown that for neighboring orders p = 2 n — 1, p' = 2 n+1 — 1 the interordinality of the 

*^^> relation accounts for various structural properties of parafermi-like operators built on the model of the well-known Green representation. 
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^> 1 Introduction parafermi operator and root-of-nilpotent sequences 

Parafermi structures are both studied in modern quantum field theory and quantum information theory [1]. The term 
parafermion is specifically used for the generalization of a spin-1/2 particle (fermion) to spin p/2. Translated into operator 
r — language, 

h v+i = = (1) 

In his original paper [2], Green supplied a (p + 1) x (p + 1) matrix representation for b, 

b a ,p = Cp8 a ^ + i, (b + ) a ,i3 = C a 8 a+ i,p, Cp = y/P(p- (3 + 1), (2) 
g which realizes the spin-p/2 representation 

and the characteristic trilinear relations of parafermi algebra 

[[&+,&],&] = -26, [[b+,b],b+]=2b+. (4) 

For the lowest order the parafermi operator coincides with the fermi operator which satisfies the well-known algebra 

{/«, (/«)+} = 1, (/«) 2 = = ((/«)+) 2 . (5) 

C^) One fact that seems to have been neglected, if overlooked, is that parafermions of order p = 2" — 1. when tensorially expanded 

are related to those of order p' — 2 n+1 — 1 by the operator identity 
O 1 

>5 -{6(p\diag(l,...,l)®6W} = &(P>®l. (6) 

2 - — r — ' 

2" times 

Since numbers of the form p = 2™ — 1 have the binary representation 1, 11, 111, we say that the above paraorders p' and 
• • p are in a carry-bit neighborhood to one another. Although its physical and information-theoretical meaning remain unclear, 
• £h * ne operator relation 6 neatly carries over to nilpotent operators f( p ~> which are obtained by "extracting the square root" of 
eg) l[^]in a recursive process with the fermi operator as initial operator. To allow f^ v ) squared to act as a normalized- 
anticommutator analog in the style of Eq. 6, 

(/&0) 2 = /« ® l, (7) 

the structure of f( p ) has to be amalgamated with diag(l, . . . , 1) ® /W, as we shall see. In matrix form, the structural parts are 
blockwise composed of elements of the Clifford algebra Cl(2, 1) with basis 

{ci = (j_°i), C2 = (;;), cs = (-° 1 j)}- (8) 

The simplest representation of the initial operator in the recursive process consists of a linear combination of one basis element 
per signature, usually 

/ (1) -^(c 2 -c 3 ). (9) 



1 [ & + b] =dW?, S-l,... .-S + 1.-S) (3) 
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Equivalently, and closer to physics, one may start by Clifford algebra CI (3) which has the set of Pauli matrices as basis, where 
/W is represented by combining one real basis element of grade 1 - vector o\ oder 03 - with the only real basis element of 
grade 2 - bivector 031, the preferred choice being 



^(0-1-031) = ^(0-^ + 0-3^). 



The simplification achieved is that the conjugations + und T coincide. 

Solving equation 7 for f( p ' is made easy by requiring that the main diagonal of the f( p ) matrix, in analogy to the diag(l, . . . , 1)® 
M 1 ' of Eq. 6, consists solely of blocks, and the lower triangular matrix part mutually exclusively of blocks G^^cs or 
E lJll v{f <<v> ) + or Jp tV C2 {p > v). As the action below the main diagonal shows, 
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~> Xi = 1, 



(ye {-1,0,1}) 



the whole task is effectively reduced to a linear problem which allows the stepwise building of a sequence of (square-) roots 
with lowers filled with blocks A^^. To distinguish the resulting sequences from one another, the sequence with lowerwise filling 
Gfj_j;C 3 of its members is called root-/ sequence, while the sequences with lowerwise filling E^^(f^) + and J fJ _^c 2 are called 
root-cZ and root-ft. sequence respectively: 
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VdW ® 1 = d (3) = 



(i) 



/ 



(/(!))+ /(I) 



2 



yW 1 ) 1 1 01 = d (7) 
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What by still appears as a root-/ sequence with lowers G^^cz > f) of its members dully recurrent in G^^ = 1, changes 
abruptly at j' 15 ). In the root-/i sequence, the J M! „ > v) stray from 1 as early as at hF\ Only throughout the root-d sequence 
we find a constant recurrence of = S^^+i. This variety of behavior calls for an examination of whether reference to 

parafermi algebra might afford new insights. In what follows, operators and sequence members carry a paraorder superscript 
only where needed. 
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Not surprisingly, the closest approach to the Green ansatz is found with the members of root-d sequence. Not only is the 
nilpotency property d p+1 — (d + ) p+1 = satisfied, the structure as well is analogous: d a> p — CpS a! p + i with Cp = 1. The 
spin-(p/2) representation however is only matched with Cp — \J (3(p — /3 + 1), which contradicts our assumption that the main 
diagonal of d^ (p' = 2™ +1 -l) carries f^ 1 ' blocks solely. There remain the members of root-/ and root-/i-sequence as candidates 
for reference. It's the members of root-/ sequence that we pick up for exemplarily scrutinizing a possible relationship with the 
Green ansatz (the latter represented by the quantities Cp, the former by the associated sequence of G^^ representatives, 
(G r ) = (1, 1, 3, 5, 11, 17, 41, 113, . . . ), which already showed up more or less as a curiosity in [3]). Though cursorily, we take a 
glance at the related root-h sequence and its sequence of representatives of J^, v , (J s ) = (1, — 1; 3, 1, —5, 15, —43, 149, . . . ), at the 
close of this article. 

2 /-parafermi algebra 

To begin with, for p = 2™ — 1 (n > 1), with the exception of the nilpotency property 

f P +i = (/+)p+i = o, (13) 

no relation of the Green ansatz is satisfied after substituting / for b. This necessitates an adaptation in the form of an orthogonal 
decomposition 

/ = £/«. (w) 

V 

such that 

= f diag({0, 1}), v = 0, 

Tv Iv \ diag({0} U {G^ SvW }), v = l,...,(p- l)/2, fi > S „( M ). 

How a 2™ x 2™ matrix (here with a granularity of 2 2 (™~ 1 ) blocks A^ M , rather than 2 2n matrix elements m Qj( g) is orthogonally 
decomposed into (here 2™ _1 = (p + i)/2) basis elements, whilst delineated in literature, is discovered each time anew. Key part 
of the decomposition procedure is the index permutations s v (fi) = Z^ 1 . In Table 1, this is s v (p.) = Z| , known under various 
isomorphic maps from other fields of mathematics (octonions, Fano plane). For the basis-element characterizations 

fa ■ + (02,2)«,a H = A Kt x(Si, K 6x,i + 6 2 , K 5x,2 + ■■■) 

( A ^ o • • • \ (16) 
=> fo = ai,i+a 2 ,2 + ... = I Al .! . I 

etc. we use the shorthand : 11 + 22 + . . . etc. Under the proviso as delineated we get a /-parafermi algebra 

1 (P"l)/2 

2L/0V0R E [/+,/.]-diag(|,|-l,...,-| + l,-|), (17) 

v=l 

(p-l)/2 (p-l)/2 

E Hfv, Ufv] = -2/, E l[tiJv],ti]=2f + - Pe{3,7 (18) 

t;=0 v=Q 

Now from p = 15 on there appear > 1, which means a dual basis of elements 

e.lV.^e^^jf;";-^-'^^ (19) 
[ {jv)^,v else, 

must be explicitly incorporated in order to preserve normalized commutators. That is, for p > 15 the commutators [f^,e v ] 
have to replace in Eqs. 17-18. 

For p — 3, the orthogonal decomposition reads / = /o + /1 where, according to the shorthand prescription : 11+22, 1 : 12+21, 

l/o)i,i = (/o)2,2 = (c 2 - C 3 )/2 , (/l)l,2 = 0, (/l) 2 ,l = G 2 ,lC 3 = c 3 , 
while no e (= /o) and e\ with (ei) 2 ,i = G 2 _ i ■ (/i) 2 ,i are needed. Mutatis mutandis for case p = 7. 



4 



Table 1 



Ea.Mm) = Z 2 x Z 2 x Z 2 ) 



11 + 22 + 33 + 44 + 55 + 66 + 77 + 88 

1 12 + 21 + 34 + 43 + 56 + 65 + 78 + 87 

2 13 + 24 + 31 + 42 + 57 + 68 + 75 + 86 

3 14 + 23 + 32 + 41 + 58 + 67+ 76 + 85 

4 15 + 26 + 37 + 48 + 51 + 62 + 73 + 84 

5 16 + 25 + 38 + 47 + 52 + 61 + 74 + 83 

6 17 + 28 + 35 + 46 + 53 + 64 + 71 + 82 

7 18 + 27 + 36 + 45 + 54 + 63 + 72 + 81 



The spin arithmetics differ in one respect: in Green's algebra (Eq. 3), spin values emerge as differences of squares Cj — C|_ 1; 

\ (7-0) (12-7) (15-12) (16-15) ••• 



7 5 3 1 

2 2 2 2 



in /-parafermi algebra (Eq. 17), as sums of linear terms, 



l-ii-i 

2 2 2 2 



15 3 1 

2 2 2 2 



3 A variant of /-parafermi algebra 



Though it's unlikely it can shed new light on the structure of G M ,„ (fi > v), a second version of /-parafermi algebra is worth 
a mention. One always finds a g (a parameterized matrix in general), for which 

[[/+/],<?] = -2/, [[/+ /],<?+] = 2/+ (20) 
As the system of linear equations embraced by g is underdetermined, one has to constrain the block structure of g to - 
compared to /'s slightly relaxed - linear combinations H^ tU C2 + K^ ^c^ (/i, v = 1, . . . , (p + i)/2) to get the solutions unique, or 
their range narrowed by further constraints, and has thus constructed g. The spin-p/2 representation is recovered by imposing 



the requirement g = Y, v 9v, (s 



^ >s „(m) c 2+^Mk) c 3 ({M - Z 2™ ) and choosing the ansatz 



Ei P =o 1)/2 {x[f+, f v ] + * m,9v\ + [<?+,/„]) + r ([f v ,g v ] + [g+, /+]) + l[g v ,9t]) 

I ... -2 + 1 -2) 



diag(J,| 



(21) 



so that Eqs. 20-21 may be slated as a heterotic version of /-parafermi algebra. Whatever relationship there might exist between 
Cfi and G^^ (fi > v), by the additional quantities H^^^K^^ (//, v = 1, . . . ,(p+ i)/2) and x,ct, t, 7 it is rather concealed than 
revealed. 

Nevertheless, the steps of compution to be taken shall be expounded briefly for the paraorders 3 and 7, leaving aside the 
question of whether or not for p > 15 f v and/or g v are to be supplemented by dual basis elements. The LSE for g^ has a 
unique solution which reads 



,(3) 



-f 
§ 1 
-h 
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Like /( 3 ), g^ is orthogonally decomposed following the prescription : 11 + 22, 1 : 12 + 21, which yields g = go 
block structure 

(50)1,1 = (30)2,2 = \c2 + |c 3 , (51)1,2 = c 3 - \c 2 , (31)2,1 = c 3 + |c 2 . 
By the LSE for the spin-3/2 representation, we then obtain a parameterized set of solutions of coefficients, 

/3) 



gi, with 



X w = (4r 2 + 2n + 2)/3, 

cr( 3 ) = (_10r 2 - 2ri + l)/2, 



r(3) 



(7-j free parameters) 



r-2, 



-y(3) = ri _ 



Solving the LSE for g^ 7 ' raises a matrix with no less than four parameters! Of which we may free us - not arbitrarily, but by 
imposing on g^ the very same symmetries that govern g^ . Three types of these can be read off of the above representation of 
g(3) (a t transposed matrix, A matrix reflected in secondary diagonal): 1) ( _ BT ^); 2) ( _ BT ^); 3) { J ^ n ), where the subscript 
of Ao is indicative of a "zero area" in the lower part of the secondary diagonal: Aq 
l)-3) effects the complete elimination of degrees of freedom from g^ 7 \ leading to the LSE solutions 
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Conspicuously, variant 2) seems to bring up a "standard set" of coefficients {x^ = 1, = -^,t^ = ^T*- 7 ' = 0}, which 
those belonging to 1) can be made to conform to by the choice r\ = and which those belonging to 3) differ from by no more 
than w 2%. Viewed in this light, {x'' 3 — 1, o"^ 3 ^= ^p, t( 3 )= |, 7^ 3 ^=0} can be considered the standard coefficient set for p = 3. It 
cannot be excluded that other types of symmetries expand the range of viable solutions; lack of symmetry however - by simply 
setting all four parameters in the general matrix of equal to zero - only results in {} for the coefficients. 

After this aside we again turn to G M) „ (fj, > v) and the question of a possible relationship with the Green coefficients Cp. 



4 Structure of the members of root-/ sequence 

4-1 The interordinal aspect 

Before elaborating on the interordinal structural aspect - which we first encountered in Eqs. 6-7 as relations that involve the 
carry-bit neighborhood of paraorders p' and p - the question that first and foremost asks clarification is whether the sequence 
(G r ) of representatives of G^j,, understood as a concatenation of partial sequences 

(G^) = (f ), (G< 7 >) = (1), (G< 15 )) = ( 3,5,11,17,41,113 ), ... , (22) 
always contains prime numbers from paraorder 15 on - a criterion that would exclude a relationship with the Green coefficients. 
To anticipate the result - the majority of G M) „ do not stay prime when the next member of the root-/ sequence is computed, 



1 ® 1 <g> 1 = f^ 31 \ of which only the lower left quadrant, Li/ 31 ) = LL(/( 31 )), shall be shown (quadrants are 
determined by one-place navigation (U^), subquadrants by (U^U^)> an d so on): 
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(23) 



y 2430289c 3 737953c 3 189371c 3 58781c 3 15067c 3 4819c 3 1275c 3 429c 3 J 
We will return to primes later on in connection with other observations. 

It is worthwhile to have a close-up look at the LP when all but the LL quadrant is known, which is why we shall go back to 
the next lower stage and take a snapshot of /^ 15 ^: 
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The remaining equations of the LP (J*- 15 -*) 2 = J*- 7 -* 1 then read complete with solutions: 

row 5- 8 /column 4 : X\ = 1 

x 2 — X\ = x 2 = I 
x 3 — x\ — x 2 = 1 ~> £3 = 3 
x 4 — xi — x 2 — x 3 = ~> .t 4 = 5 
row5-8/column3 : x$ — x\ = ~> £5 = 1 

#6 - #5 - £2 = - 1 ~> £6 = 1 

X7 — X5 — xq — x 3 = ~+ x 7 = 5 
x 8 — x 5 — x 6 — X7 — x 4 = — 1 ~> a; 8 = 11 
row 5-8/column 2 : xg — x$ — x\ = 1 :rg = 3 

xio - xg - x 6 - .t 2 = ~> a;io = 5 

X\\ — Xg — Xio — X? — X 3 = 1 ~> Xn = 17 

£12 — £g — £10 — £11 — x 8 — x 4 = ~> X12 = 41 
row 5-8/column 1 : X13 — rrg — £5 — n = ~» £13 = 5 

£14 - ^13 - a; 10 - #6 - £2 = -1 ~> 114 = 11 
X15 - x 13 - x 14 - xu - x 7 - x 3 = ~> xi 5 = 41 

Xl6 - X13 - Xu - X i5 - X12 ~ X 8 ~ X4 = -1 ~» Zl6 = 113 

The first observation worth a mention is that all subquadrants (and quadrants as well as itself) show invariance under 
reflection at the secondary diagonal - sometimes called secondary symmetry: 

(11 MN) = (1NR. (25) 

One subquadrant content appears at two different places, namely at LLUL and LLLR: 

5c 3 3c 3 
llc 3 5c 3 

!5c 3 3c3 
llc 3 5c 3 

One further subquadrant content appears at three different places, namely in the upper left and the lower right quadrant each 
once at the lower left, ULLL and LRLL, and, flanked by these, at LLUR: 




C3 c 3 
C3 c 3 



C3 c 3 
C3 c 3 



C3 c 3 
C3 c 3 



(27) 
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Subquadrant to LL( 2 " +1_1 ) [n > 1), this area is also identical to the quadrant LL^ 2 " _1 \ a fact that is easily verified by 
comparing the subquadrant LLUR/ 31 ', marked with brackets in 23, with our computed LL^ 15 '. If this alone is suggestive of 
the notion that infraordinality and inierordinality determine the structure on an equal footing, an even more striking piece of 
evidence comes from the relations, emerging first at p = 7, p' = 15, 

LLULUR (p,) = LLLL (p) + 2 ■ LLUR (p) , (interordinal) (28) 



C3 
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3c 3 
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. 3c 3 . c 3 . 
. . c 3 . . 

LLLLUR (p,) = LLULLL (p,) + 2 ■ LLULUR (p,) 



(intraordinal) 



(29) 




■ 3c 3 
llc 3 . 

relations that, due to the structural symmetries noted above, find an equivalent in LLLRUR' P ' = LLLL^) + 2 • LLUR^ P ' 

and LLLLUR( p ') = LLLRLI>') + 2 • LLLRUR( p ') respectively. The logical consequence of the interordinal structural aspect is 
that for any given order p it restricts the domain from which to choose representatives: we define the representatives Gp as 
exclusively selectable from those G$ v that are of (LL-iUR)^ origin (compare relations 22). 

4-. 2 The modulo-8 aspect 

It's not far to seek that the spin values by their /-arithmetics — | + 1, | + 1, — | + 3, \ + 3, — \ + 5, \ + 5, • • • invoke the initial 
values from row 5-8/column 4, whence it would be natural to associate Z^ 15 -* with the integer number that contains the largest 
spin value, | + 7, and subject the representatives Gp 10 " 1 to a rest-after-di vision- by- [| + 7] scrutiny p"] 

3=11 = 3(mod 8), 5 = 5(mod 8), 17 = 41 = 113 = l(mod 8). 

For /( 31 ) this view reveals the conditions 

19 = 3(mod8), 43 = 3(mod8), 115 = 3(mod 8), 155 = 3(mod8), 1275 = 3(mod 8), 1595 = 3(mod 8), 

4819 = 3(mod 8), 15067 = 3(mod 8), 18627 = 3(mod 8), 189371 = 3(mod 8), 429 = 5(mod 8), 58781 = 5(mod 8), 

1633 = l(mod 8), 4905 = l(mod 8), 15297 = l(mod 8), 227089 = l(mod 8), 737953 = l(mod 8), 2430289 = l(mod 8), 



redrafting an LL quadrant LL 



(31) 
mod 8 



characterized by blocks 



a ) (i'i) ® c 3 m ^ ne secondary diagonal, 

b) (3*5) ® c 3 iu the niain diagonal and in the diagonals of subquadrants LLLL^^g and LLUR 

c) ( 3 ' 3 ) (8 c 3 otherwise: 



,(31) 

l mod 8 ' 



respectively, 



2 The modulo-8 approach is in agreement with the closure effect that can spring from the group Z| through its various isomorphic maps. 
For octonions it marks the loss of associativity of the hypercomplex number system; for /-parafermi algebra without recourse to {e„}, 
the loss of consistency. 
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(30) 



The scrutiny shows that underneath the overt secondary symmetry, the original main symmetry of LL^ 15 ) exerts its influence 
on paraorders beyond that mark. To express the fact that LL^ d8 naturally incorporates main and secondary symmetry on all 
levels down to block size 4x4, 



(LLU 



- ■•1N)S d8 = (LL. 



• • • 11^) mod 8 



(P) 

(m = 0,l,...,Iog2(p+l)-3; p > 15), 

mod 8 (,-J-l-J 



we denote its coefficient matrix by the shorthand H^ds = s y m ( d m( : : ), -,d s (; ;)). Thus ll^o d8 = sym(d m (l;f ), d s (i;i))- 



(31) (31) 

7(mod 8)-congruence does not occur in the coefficient matrix (like ) = (G>* c*) ( r * = 9, 



, 16; c*,r,c = 1, 



), only 



(7 — 2fc) (mod 8) (k = 1,2,3) one. The complete partition of # G p p ^ according to their congruence with (7 — 2k) (mod 8) 
(k = 1, 2, 3) is given in Table 2. 

To be sure, the 64 x 64 matrix /( 63 ) shall not be computed here explicitly; yet to have the barest of clue, we've determined 
the first row of its LL-coefncient matrix (ll£ 6 c 3) ) = (G^*% ) (r* = 17, . . . , 32; c* , r, c = 1, . . . , 16): 



17,1 "17,2 "17,3 "17,4 "17,5 "17,6 "17,7 "17,8 "17,9 "17,10 "17,11 "17,12 "17,13 "17,14 "17,15 "17,16 



9694845 2926323 747891 230395 58791 18633 4907 1635 
mod 8 5 3 3 3 7 1 3 3 



429 
5 



155 
3 



43 
3 



19 
3 



(32) 



Its complexity nevertheless and the results to be expected can be estimated, drawing from these data and the symmetry 
information gained so far. For sources of G p it suffices to consider one of the identical-in-content subquadrants LLUL or 
LLLR, plus LLLL. 

a) Considering the LLUL part first, we are faced with the reality of Gf 3 ^ = (7 — 2/j)(mod8) (k = 0,1,2,3), as becomes 
evident from scheme 32 and the modulo-8 notated analog of interordinal relation 28: 

llulu4 6 3 d8 ^ 

The only configuration compatible with conditions 31-33 is the symmetric matrix 

llu4 6 3 d8 =Sy m (d m (^),(3 ; 3),( I; l),(3 ; 3 )) . 

Furthermore, writing LLULUR/ 63 ) down explicitly, 



(33) 



(34) 



LLULUR (63) 



( 58791c 3 18633c 3 4907c 3 1635c 3 ^ 

189393c 3 58791c 3 15299c 3 4907c 3 

738035c 3 227123c 3 58791c 3 18633c 3 

y2430515c 3 738035c 3 189393c 3 58791c 3y / 
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(35) 



Table 2 

G p according to congruence with (7 — 2k) (mod 8) (k = 1, 2, 3) 



# G p cong't w/ (LL^UR) (15) (LL^UR) (31) 

l(mod8) 3 6 

3 (mod 8) 2 10 

5(mod8) 1 2 

E 6 18 



we recognize that one single entry congruent with 7c^ (mod 8) - 58791C3 - occupies the diagonal of this subsubquadrant. as 
would its 7c3 (mod 8)-congruent companion in LLULLL/ 63 * 1 . Factoring in subquadrantal secondary symmetry before division 
by 8, the picture of llul^ 63 ) we get is there are 4 G p congruent with l(mod8), 2 congruent with 7(mod 8) and 22 congruent 
with 3(mod 8) in there. There remain the entries congruent with 5c3 (mod 8) and the question of whether or not they spread 
homogeneously across their associated diagonal. The advent of 7c3 (mod 8)-congruent entries, diagonally homogeneous across 
4 positions as evinced by Eq. 35, may signal 4-position homogeneity of the counterpart 5c3 (mod 8)-congruent entries is broken 
and only 8-position homogeneity is preserved. In configuration 34, the spread is across 8 - indeed the LL upper half - main- 
diagonal positions, and according to our reasoning there is just 1 congruent G p 63 ^ in there, 
b) As regards the LLLL part, from Eqs. 23, 30 and 31 it follows 

inimod8 = s y m ((^),(^):(^) J d s (; : ;)), (36) 

a result independently confirmed by the intraordinal relation 29, which applied modulo 8 gives hhhir|^ 3 d8 = sym^g'J), d s ( {'I)). 
Factoring in subquadrantal secondary symmetry before division by 8, we get to 12 G p 63 ^ congruent with l(mod8), congruent 
with 7(mod 8) and 14 congruent with 3(mod 8). If the aforementioned diagonal homogeneity is preserved altogether, there are 
3 Gp 63 -* congruent with 5(mod 8); else if homogeneity is broken at the 4-position level, yet 2 more. 

a) and b) are summarized in Table 3. 

Extending these estimated results to paraorder 127 or 255 is a very tentative matter. While llll|,j od8 continues being reproduced 

as U mod8> llulur mod8> as U11 mod s+ 2 llur mod s = ( llur mod 8 ) T + 2 llur mod s = 311ur mod 8 ' turns out to be formed by a composite map 
A = (mod 8) o (x3) that gradually offers an illuminating side to it, listed in Table 4 to emphasize two things: 

i) secondary diagonal patterns (among others Q are left intact upon crossing the paraorder boundary p = 2"— 1 rx p' = 2™ +1 — 1, 
as can be seen from the respective tail values (d s ) in the listed arguments; 

ii) pattern values subject to the map (the values we know of) oscillate: 

( 5c 3 3c 3 ] ^ / 7c 3 c 3 ] / 3c 3 3c 3 \ /_v [ c 3 c 3 ] roj\ 
\ 3c 3 5c 3 J \ c 3 7c 3 J ' V 3c 3 3c 3 J \ c 3 c 3 J ' v ' 



The oscillatory appearance is corroborated by the observation that the LL mo( j g determinant (rank) alternates between and 
a nonzero (deficient and a complete) value among neighboring orders p = 2 n — 1, p' = 2 n+1 — 1. In fact, we have 

det(LL^ d8 ) = 1, det(LL<£ d8 ) = 0, det(LL I ( 1 ^ 8 ) = 240 2 , det(LL^ d8 ) = 0, . . . (38) 



The conjectured (mutual) breaking of the homogeneity of 5cs(mod8)- and 7c3(mod8)-congruent entries across 2™ 4 positions 

would also fit in that picture. So while it's perhaps safe to say that the total number of G p grows like K \ ■ 6 for 

p = 2™ — 1 (n > 4), its partition according to their congruence with (7 — 2fc)(mod 8) (k = 0, 1, 2, 3) is much more subtle and 
demands the inclusion of alternating terms yet to be specified f 4 "] 

3 homogeneous as main diagonal ones may be, it's not guaranteed by Eqs. 30, 34 they will retain their dm^'i?) characteristic 

4 For a proposal, see Section 5.3 
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Table 3 

G p according to congruence with (7 — 2k) (mod 8) (k = 0, 1, 2, 3) to p = 63 



G p cong't w/ (LL^UR) (15) (LL^UR) (31) (LL^UR) (63) 

l(mod8) 3 6 16 

3 (mod 8) 2 10 36 

5(mod8) 1 2 4V6 

7(mod8) - - 2 

£ 6 18 58 V 60 



Table 4 
p' = 255 



A: llur^ d8 ^Huk< otU 



i) argument row 

ii) output row 



p=7 
p' = 15 

p=15 
p'=31 

p=31 
p'=63 

p=63 
p'=127 

p=127 
p'=255 



sym(( 3 ; 5 



(1) 

(3) 

sym(l.l) 
sym(3,3) 
sym((|;|),d B (J;J)) 
8ym((J ; i),(|;|)) 

5,3 



sym((y?),( 

sym(( 



).(l;l).(i;|).dsd;l)) 
sy m ((I;J)>(l;l).(I;7).(l;i)) 
*:S>.(I:i)00-<S:SMi:S>A(i:i)) 

1.1\ /5,3\ ,1,1> /7,1, ,1,1, /7,1s /3,3ss 



£.3 Prime numbers and the factorization aspect 



As far as prime G p are concerned, one might be tempted to conclude that their number (6 in (LL-iUR)^ 4 in (LL^UR)' >) 
approaches zero with increasing paraorder. Without figuring J*- 63 - 1 out entirely there's no more than circumstantial evidence. 

- equally placed inside 



Thus by Eq. 28 one can check whether from G^}^ Vl , G^-mi 



originate prime G { ?,},, = G$. v , + 2Gi p) 



fj,' "(11,1/1 TiU w ,,, 2 

their respective (sub-)subquadrants . For p=15, p' = 31 this identification leads to 19 und 43, the (p' = 31) twins of the (p=15) 
primes 17 und 41. The corresponding identification for paraorders 31 and 63 yields 



/ 



LLULUR (63) = 



58791c 3 18633c 3 4907c 3 1635c 3 

189393c 3 58791c 3 15299c 3 4907c 3 

738035c 3 227123c 3 58791c 3 18633c 3 

2430515c 3 738035c 3 189393c 3 58791c 3 



and leads to only one additional prime, 15299 = 7Ti7 8 7. Nonetheless, further prime G p , can spring from any other subsub- 
quadrant (LL^^U^)' 63 '- (Eq. 29 is of no use determining this.) 

More generally, the quantities G p > 1 can be classified by their factorization. We distinguish pure primes 7r r , factorization 
into two or three prime factors, 7r r -7r s and -K r ■ *k s ■ ir t , as well as factorization into one or more exponentiated prime factors 
7r r r (" 7r s s ••••)> z r > 1 (V z s > 1 • • • ). Unfortunately the conditions at (LL^UR)^ 63 ) and beyond cannot be simulated, so the 
table remains nearly empty. There's nothing though that contradicts the assumption that the # of factorization types, even on 
further classification in case of more complex factorizations, stays as even-numbered as it turns out to be in the (LL-iUR)^ 31 ) 
case (see Table 5). 
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Table 5 

G p according to factorization type 

G p fact'd as (LL^UR) (15) 



(LL^UR) (31) 



(LL^UR) (63) 



7V r 6 4 2? 



7V r ■ 7V S - 6 




? 


7T r • 1V S • 7Tt - 6 




? 


TTr r ■ < S ■ <' " 2 




? 


higher factorizations 




? 


E 6 18 




58 V 60 


4-4 Tying in division by 8 






Rests after division by 8 which at the same time figure as prime factors, may help establish a reference between the # of G p 
congruent with them modulo 8 and the # of factorization types. To this end, we first endorse scheme 32 with an outline of the 
interordinal relations governing f^ 63 \ /n(63)\ 

( u l,c ) 


, " 






(llulul^) (lluhir™) (Uulul^) 


(Uulur^) 
-a. 


^17,1 ^17,2 ^17,3 ^17,4 ^17,5 ^17,6 ^17,7 l - r 17,8 ^17,9^17,10 


Cl7,ll 


/ < / < / < / < / ' 

^17,12 ^17,13 ^17,14 ^17,15 ^17,165 


and then redisplay the elements we computed for this row modulo 8 as 


well as unfurled into prime factors: 


Table 6 

Tying in division by 8 






(llgy mod8 




factorization 


9694845 5 
2926323 3 
747891 3 
230395 3 
58791 7 
18633 1 
4907 3 
1635 3 
429 5 
155 3 
43 3 
19 3 
5 5 
3 3 
1 1 
1 1 




3 2 • 5 • 17 • 19 • 23 • 29 
3 2 - 19 -109 -157 
3 2 • 23 • 3613 
5 -11 -59 -71 
3 • 19597 
3 • 6211 
7-701 
3-5-109 
3-11-13 
5 • 31 
43 
19 
5 
3 



Beginning with p = 31, the number 3 assumes the anticipated prominence in factorization that it already proved in the 
congruence of Gp 31 ' with 3(mod8). Thus, 3 as a factor occurs in (llulul^) once, and the factors 3 2 and 3 in (llulul^) and 

(llulur^ 63 -') three times each. Which suggests that in (llulul^ 2 c -1 ^) and (llulur^ -1 ^) the factors 3™~ 4 and 3™~ 5 , n > 5, would 
occur (2(n — 5) + 1) times. With increasing paraorder, first the numbers 5 and then 7 should assume a comparable position. 
5 squared indeed already occurs in (Ur 3 ^) | r >i (as it certainly does in (111- 63 - 1 ), though from the only other known place besides 
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Table 6, namely 



[3 


• 19597 


3 


• 6211 


7-701 


3-5-109^ 


3 


• 63131 


3 


19597 


15299 


7-701 


5 • 


147607 


13 


• 17471 


3 • 19597 


3-6211 


u 


486103 


5- 


147607 


3-63131 


3 • 19597 , 



Ull(31) , 2 Uur (31) = H u l ur (63) 



it is still missing) . Prime factors beyond the modulo 8 boundary however seem to take a special role which we will refer to in 
the closing of this article. 

Interestingly, those G p that are of a factorizing variety are missing primes with minimal spacings that lie in the same range 
as the # of Gp congruent with (7— 2fc)(mod8) (k — 1, 2, 3). Conversely, just as G p congruent with 7(mod8) are absent from 
LL-.UR (31) , so is the minimal spacing 14 involving factor 7: 

LLUL( 31 ) 
I 



19 




""8 






43 


= 


7T14 






115 


= 


""30 + 


2 


(= 7T 3 1 - 12) 


155 


= 


""36 + 


4 


(= 7T37 " 2) 


429 


= 


""82 + 


8 


(= 7T 83 ~ 2) 


1275 


= 


""205 4 


16 


(= ""206 — 2) 


1595 


= 


""250 4 


12 


(= 7T251 - 2) 


4819 


= 


""649 4 


2 


(= 7Tg50 — 12) 


15067 




""1759 - 


46 


(= ""1760 - 6) 


1633 




""258 4 


•6 


(= ""259 - 4) 


4905 




"655 4 


-2 


(= "656 - 4) 


15297 




""1786 


4 8 


(= "1787 _ 2 ) 


18627 




""2129 


4 10 


(= ""2130 - 10) 


58781 




""5946 


4 10 


(= ""5947 - 6) 


189371 




""17110 


+ 10 


(= ""17111 - 6) 


227089 




""20185 






737953 




""59377 


+ 24 


(= ""59378 - 16) 


2430289 




7r 178344 





LLLL^ 31 ) 



Now at the interval in question primes are relatively close to one another, so instead of surmising some lawfulness behind the 
correspondence, the matter we will be going into is of whether the # of G p = (7 — 2k) (mod 8)(fc = 0, 1, 2, 3) and the prime 
number interpolations follow a common structural pattern. Again, it's not far to seek interordinality as the umbrella principle. 

5 Structural comparison with relation to differences 

Interordinality has turned out a stronghold on a number of questions, running through the analysis like a golden thread. 
Another opportunity to prove its significance arises from the attempt to check, in modification of the original objective target, 

whether differences of squares (3{p — /3 + 1), which in the Green model are responsible for tracing spin values, might be consistent 

(v) (v) 
with the quantities G p . To this end, it's natural to form differences of distinct G p as well, the first time so with paraorder 

15H 



At paraorders 3 and 7, the respective partial sequences are monomial (see relations 22) 
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5.1 Naive differences 



Let the members of the partial sequence 

be arranged in ascending order and shape from the actual member and its 

successor differences AG^J . One runs across a pecularity then. For p = 15, one gets a monotonously nondecreasing sequence of 
differences, 

(AG£ 5) ) =(2,6,6,24,72), (39) 
whereas for p = 31 the sequence fails to live up to monotonicity of increase: p"| 

(AG^ 1 ') = ([24, 72, ] 40, 274, 846, 320, 38, 3186, 86, 10162, 230, 3330, 40154, 130590, 37718, 510864, 1692336) . (40) 

Part of the order clash is due to an overlap of sequence members entangled in interordinality (bracketed terms), while the 
remaining warps are to the account of intraordinal effects. 

As one way out, one could economize on the number of differences, as will be shown in Section 5.2. Another way out is to 
follow the opposite track, as our demonstration in Section 5.3 will do. Different from Eqs. 39-40 though they may look, the 
types of differences earmarked are clearly linked to one another. Of particular interest turn out to be differences derived directly 
from carry-bit neighbors of Green's squares as they shed new light on the theme of Section 4.2 - the partition of G p according 
to congruence with (7 — 2k) (mod 8) (k = 0, 1, 2, 3); bar none so those derived from Green's squares of extended neighborhood 
which lead us to believe the /-parafermion and its inherent interordinal map blend into a topological operator (Section 5.4-). 
But even differences with no seeming coming from Green's squares but combining /- and ft,-parafermion lineage might hold 
topological information, as our comments in the closing try to make clear. 

5.2 Oblique differences 

There exists a reduced set of ^ ' 4 differences dGtt (p = 2 n — 1, n > 4), arrangeable sequentially in increasing 

order based on subsubquadrantwise subtraction performed along a tilted path from upper right to lower leftp"| 



LL^UR (15) 



5-3 = 2, 



11-5 
I 



11 - 5 = 6, 
1 7 17 - 5 = 12, 



(41) 



41 - 17 
I 

41 



41 - 17 = 24, 



LL^UR (31) : / 429 155 

I 1 1275 429 / V 115 43 / 155 - 19 = 136, 




429 - 43 = 386, (42) 
429 155 \ 1275 - 115 = 1160, 
1275 429 



6 as for a construal of some of these values as kissing numbers, see Section 5.4 and our closing remarks 

7 we omit configurations which stay the same upon reflection in the secondary diagonal 
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LL^UR (31) contd. : 



I 4819 1595 
\ 15067 4819 



58791 18627 
189371 58791 



429 155 
1275 429 
I 

4905 1633 
15297 4905 

4905 1633 
15297 4905 



1595 


- 155 = 


1440, 


1633 


- 155 = 


1478, 


4819 


- 429 = 


4390, 


4905 


- 429 = 


4476, 


15067 - 


- 1275 = 


: 13792, 


15297 - 


- 1275 = 


= 14022, 



(43) 



18627- 1633 = 16994, 
58791 - 4905 = 53886, 
58791 18627 \ 189371 - 15297 = 174074. 
n 189371 58791 / 

5.3 Interordinal differences 

An alternative to economizing on differences is to dovetail ones from the enlarged set {G^} U {Gy '} encompassed by the 

paraorder window (p,p / ) and arrange them in a nondecreasing sequence (A A P ' P ' } ). For window (15,31), this yields the sequence 
(2, 6, 22, 40, 70, 274, . . . , 1692336). The conjecture that dawns on the scrutator is that in order for structural consistency with 
Aa to be achieved, not so much intra- as interordinal differences of Green's squares are of importance. These we define by 







(p,p') 



P(p' - P + 1) - P{p - + 1) = (3(p' - p) (p = l,...,p): 



(44) 



p' = 3 
p=l: 



p< = 7: 



7 12 15 

3 4 3 



: 



8 12 



p' = 15: 15 28 39 48 55 60 63 
p = 7: 7 12 15 16 15 12 7 



d : 8 16 24 32 40 48 56 



p' = 31 : 31 60 87 112 135 156 175 192 207 220 231 240 247 252 255 
p = 15 : 15 28 39 48 55 60 63 64 63 60 55 48 39 28 15 



■d : 16 32 48 64 80 96 112 128 144 160 176 192 208 224 240 
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Natural compatibility now is readily available in that each A\ allows for a parafermial representation X^eQ^i'' 9 ' W = 
2q + 1). For instance, for Q\ and i q the ansatz 

Q X = {2 1 -1 | I6J^C{1 p}}, 

2g £ C (G r ) |thru to order p; 

can be probed to achieve partitions like 

1692336 = 41 • 2 14 + 113 • 2 13 + 17 • 2 12 + 11 • 2 11 + 5 • 2 9 + 1 • 2 6 + 3 • 2 5 + 1 • 2 4 . 

Whereas for values of the aforementioned prime interpolations, perhaps even for the # of factorizations of Gp , linear para- 
fermial expressions 

p.e. = J2 c 4 q ' q ' ] + E Ci'4'' q " ] ■■■ (^C{1 ?},VC{1 g'}, . . . ) (45) 

should be as sufficient as for the partition of the # of G p according to congruence with (7 — 2fc)(mod 8) (k = 0, 1, 2, 3), as dis- 
cussed in Section 4-2. Regarding that partition, one might check the hypothesis of whether it satisfies the following alternating 
expressions: 

Table 7 

Partition of G p according to congruence with (7 — 2k) (mod 8) (k — 0, 1, 2, 3) matching alternating expressions 
#G p c.w/ (LL-UR)< 15 > (LL^UR) <31) (LL-UR)< 63 > (LL-UR)< 127 > 



l(mod8) 


3-1 


2-3 


i- 


K' 7) 


-<' 3) )+K' 7) - ,5 i 1 ' 3) ) 




l.(tff.l 5 >-tf( 3 . 7 >)-(<. 15 >-tff. 7 >) 




3(mod 8) 


2-1 


3-3+i?< 1,3) 


3- 




-»J 1 ' 8> )+(^ 8 ' 7) -»5 1,8) ) 




3-(< 7 ' 15) -< 3 ' 7) )-(<' 15) -^ 3,7) ) 




5(mod 8) 


1-1 


1.3-<' 3) 




,(1.3)). 


-(«9< 3 ' 7 »-^( 1 - 3 ») + (^< 3 ' 7 »- 


-<' 3 >) 


1. (tft. 7 .^) _tf(3,7)) + ^(7,15)_^(3,7)) _ ^(7,15) _ 


<' 7) ) 


7(mod 8) 








,(1.3)). 


-(,5< 3 - 7 >-<- 3 >)-(<' 7 >- 


. # (1.S)) 


l-« 7 ' 15) -4 3 ' 7) ) + (< 7 ' 15) -4 3 ' 7) ) + (t?< 7 ' 15) - 


4 3 ' 7) ) 


s 


6 


18 






60 




216 





While that partition 

#l(mod8) = 1-Mi+M 2 

# 3(mod 8) = 3 • Mi + M 2 

(46) 

# 5(mod 8) = 1 ■ Mi - M 2 + M 3 

# 7(mod 8) = 1 ■ Mi - M 2 - Af 3 

demands log 2 (p + 1) — 3 stages in ordinary notation, 

M 2 = (-l) m • 2 m - 1 (2 m - 1 + 1), (n>6, m = n-4) (47) 

the more economical notation is the parafermial 3-stage one of Table 7: 

Mi - d q '< q " ) - fi ( - q - q " ) 

/ , „ , x (a - p ~ 31 a' = p ~ 15 o" = £=7 \ 

M 2 = (-ir ^ ), 32 16 8 ' (48) 



M 3 = (-ir 



p = 2" - 1, n > 6, m = n-4 
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5.4 Kissing numbers - the f -parafermion as a topological operator 



It was previously noted (Section 5. 1 ) that the initial members of the naive partial sequences (AG^l 5) ) = (2,6,6,24,72), 
(AGy, 1 - 1 ) = (24,72,40,...) (Eq. 40) and, we may add, the oblique partial sequence (dG^ b) ) = (2,6,12,24) (Section 5.2), 
conspicuously correspond to kissing numbers of (hyper)spheres for densest packing in R n : T\ — 2,T 2 = 6,T 3 = 12, T 4 = 24, 
T5 = 40, Tg = 72. By sheer chance so, one might think, since the connection appears to peter out thereafter. Interordinal 
differences tell a different story: As a matter of fact, interordinal differences of Green's squares (Eq. 44) as generalized for 
q £ {1,3,7, . . . ,2 l - 1 1 2 l < 2n, I £ N} and q' £ {3, 7, 15, . . . , 2 U - 1 1 2" < 32n; u £ N}, where q' > q and f3 runs from 1 to q, 
turn out to be a particularly elegant means of representing kissing numbers. 

Table 8 

The first 16 kissing numbers as r d^' q ' or second-order parafermial expressions 
n T n 





1 


<' 3 > = 2 


{ 


2 


<< 7) = 6 


3 




4 3 ' 7) = 12 


4 




4' 15) = 24 


5 




4 7 ' 15 )=40 


6 




4 7 ' 31) = 72 


7 




<' 127) = 126 


8 




0(15,255) = 24Q 



9 2„do. P .o. = 272 

10 ^^ 15 ' 63) = 336 

11 2»do.p.o. = 438 

12 2„do. P .c. = 648 

13 2ndO.p.0. = 906 

14 2„do. P .o. = 1422 

15 2„do. P .o. = 2340 

16 4 31,511) = 4320 



Two things can be easily read off this table. In Euclidean 8-space, only one half of subspaces demand larger intervals (q, q') for 
their associated T n (n < 8) to be representable as i d^' q ^ - the remaining half gets by with the carry-bit neighbors q, q' = 2q + 1; 
also, in Euclidean 16-space such simplicity of expressing T n at the intervening dimensions 8 < n < 16 is mostly lost and 
second-order parafermial expressions in the style of Eq. 45 begin to dominate. The unexpected side to the representations 
■d^ ,q "* however is acted by the index values j3: grouped by two - as indicated by the braces in Table 8 - and taken modulo 8, 
they are in one-to-one correspondence with the pattern values processed by the alternation map A = (mod 8) o (x3); viz. the 
argument and output patterns shown in Table 4, Section 4-2. 
We thus arrive at the unlooked-for topological 

Conjecture: A hypersphere configuration of densest packing in Euclidean space R n > (n' = 2 S+1 ) is equivalent to an f -parafermion 
f( p ) of order p' = 2 S+3 — 1 (s £ N). Just as the Euclidean space reflects the sphere-packing properties of its subspaces, properties 
of /( p ) are preserved in f( p ' by the interordinal map A : Hur^ dg i— > llulur^ j 8 where p = 2 S+2 — 1. 

Corollary: The kissing number associated with this configuration is representable by an interordinal difference ' q ' of 
Green's squares with bounding frame (q' = 2 S+2 — 1, q" = 2 S+6 — 1). If the kissing numbers Tj, Ti of subspaces with dimensions 

2 s < j < I < 2 S+2 are representable as fl^ 3 '' 1 ^, O)^'' 9 ^ themselves either in pairwise succession (j + 1 = I) or separated 
by 2nd-order p.f.e. 's, the pair of index values /3j, /3; originating with these representations taken modulo 8 are in one-to-one 
correspondence with one of the patterns (J;J), A or (3^), A ((^j?)) where A = (mod 8) o (x3). 
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6 Closing remarks and outlook synopsis of root-/- and root-/i sequence 



Rather than drawing conclusions and, on this occasion, dwelling on factuality vs. tentativity issues, we attempt to make the 
analysis more complete by a sideglance to the root-ft. sequence. In the introduction it was already stated that this sequence 
bears a resemblance to the root-/ sequence. The kinship tellingly expresses itself in the relations, starting with p = 7, p' = 15, 

LLULUR(/i (p,) ) = LLLL(/i (p) ) - 2 • LLUR(/i (p) ), (49) 
LLLLUR(/i (p,) ) = LLULLL(/i (p,) ) - 2 ■ LLULUR(/i (p ' } ) + 2 ■ LLUR(/i (p) ), (50) 

only the first of which is purely interordinal, though, while the second is a mixture of intra- and interordinal relationship. 
Juxtaposing these opposite 28-29 - relations that we remember are purely interordinal and intraordinal respectively -, one is 
not surprised to find that the partial sequences ( Jw ), with Ji as representatives of J^fl, cease being monomial already at 

paraorderrHstarting with that order, partial sequences with differences Aj£0 or dJ^or AJ^ then are readily formable. 
Briefly expounding to what extent properties of representatives and differences out of either kind of sequence complement each 
other, is the subject of this closing. 

Although factorization was dealt with only with respect to root-/ associated quantities so far, there is one area of intersection 
with root-h associated quantities where prime factors beyond the modulo 8 boundary may take a special role, as already 
adumbrated in Section 4-4- A remarkable property, namely, when it comes to comparing ll( 2 " -1 ) = ll(/( 2 ™ -1 )) (Eq. 10) with its 
next to kin from the root-ft sequence, ll(/i( 2 ™ -1 )) (Eq. 12), is 

(Kf (2n - 1] ))u + m^-^hc = (£, C e {1, . . . , 2"~ 2 ; „ > 2}). (51) 

Thus \l\ 1 may be considered an overarching representative. Judging from the peculiar type of factorization displayed by 

Hi i {n> 5) (Table 6, Section 4-4): one i s tempted to infer that primes greater 8 might be associable to a class of power-free 

( ^ i 1 

suffixes of consecutive prime factors (SCPF) in there. To wit, to \\\ x belongs a suffix of length 2, 

429 = 3 ■ 11 ■ 13 , 

and to llj 6 ^ one of length 4, 

9694845 = 3 2 • 5 • 17 ■ 19 ■ 23 ■ 29 , 
from which one might extrapolate for one thing to a suffix length 2(n — 4) at SCPF(11^ l ') [n > 5). However, a continuation 



SCPF(ll^i >) = 31 • 37 • 41 • 43 • 47 • 53 

so that eventually the Euler product 

n scpf ( ii^>) =in^ 

n>5 7r prime 

were implied, is hardly likely. Should the existence of continued unexponentiated factor suffixes SCPF(ll-[ 1 ) (n > 5) prove 
true, the more plausible complexion on the matter by the very construction of the roots /( 2 -1 ) and bS 2 _1 ' is they would start 
with the first prime > 2™~ 2 (n > 5) each time, yielding 

U^ 7) = 3 3 • . . . • 37 ■ 41 ■ 43 ■ 47 ■ 53 ■ 59 . 

This would allot space to (rarer) emergences of additional exponentiated prime factors in the respective gap section; assuming 
2(n - 4) as the length of SCPF, at: 31; 61; 103, 107, 109, 113, 127; . . . Unlike the SCPF length, however, the length of the 
gap would not grow linearly but ~ 2 n ~ 1 /ln2™~ 1 — 2"~ 2 /ln 2" -2 , to the effect that the unbounded SCPF product would end up 
resembling about the converse of the above Euler product. 



8 As opposed to the partial sequences ^G p p ^ (viz. Eq. 22) which do not move on from monomiality until paraorder 15 

9 where we again have to do with a reduced set of % — ■ 4 differences dJ^ (p = 2 n — 1, n > 4), based on subsubquadrantwise 

subtraction performed along a tilted path that interlinks distinct J^l from upper right to lower left; though performed the same way, the 
subtraction process does not lead to a monotonously increasing sequence of differences such as (dG^ j 
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(52) 



(53) 



That with relation to differences other than ^9^ ^ ' <^ ^ a synopsis of root-/- and root-/i sequences seems no less worthwhile is 
briefly demonstrated in this (outlook) paragraph. It was already remarked upon the connection of the naive partial sequences 
(AG^ } ) = (2, 6, 6, 24, 72), (aG^V) = (24, 72, 40, 274, 846, 320, . . .) (Eq. 40) and the oblique sequence (<9G^ 5) ) = (2, 6, 12, 24) 

(Scheme 41) with kissing numbers and its seeming petering out thereafter. The alternative view is that in terms of non-^ 9 ' 9 ^ 
differences the connection gets but more involved in that certain differences out of the root-/i associated partial sequences that 
we computed for the occasion, the naive 

(AJ<?) = (4), (aj£. 6) ) = (38,6,14,134), 
(AJ^V) = (688974, 53888, 4474, 388, 54, 104, 26, 1176, 24, 204, 14000, 2722, 176724, 28580, 2662662), 

and the oblique 

(dJ^) =(-6,20,-58), 
{dJ { ^ = (104, -388, 1404, 1226, 1202, -4474, -4394, 16722, 16442, 14228, -53968, 205584), 

beg consideration too. With the root-/ associated sequence (j)G^,}^ (Scheme 42-43) computed as 

(SG^) = (136, 386, 1160, 1440, 1478, 4390, 4476, 13792, 14022, 16994, 53886, 174074), (54) 

one would then construe the values T n [n < 8) as binary synoptical difference expressions (= second-order differences or 
difference sums): Those of odd-dimensional Euclidean spaces turn out to have representations that mix A and d terms, 

Ti = 2 = A4 15) - 9G^ 15) = 14 - 12, 
T 3 = 12 = AG^ 31) - 0jf 1} = 38 - 26, 
T 5 = 40 = d4 15) + AG^ 15) =38 + 2, 
T 7 = 126 = AG* 15) + <9jf 1} = 72 + 54, 

while those of even-dimensional ones get by with representations homogeneous in either A or d: 

T 2 = 6 = A 4 7) + AG^ 15) =4 + 2, 



T 4 


= 24 = 


AG< 31) 


-AJ< 15) 


= 38 - 14, 


T 6 


= 72 = 


AGf } 


-a4 15) 


= 86 - 14, 


T 8 


= 240 = 


= c^ 31) 


+ d4 31) 


= 136 + 104. 



Without knowledge of the inputs yAG^fl ) , (SG^) and (^Ajjyf l^j , (djffi^ one cannot be completely sure of how to enlarge 
that picture for n > 8. Fortunately, though, some key information is still within reach: 



Table 9 

The kissing numbers Tg to Tie as unary parafermiab/binary synoptical- or 2nd-order parafermial-/3rd-order synoptical expressions 



1 T 9 = 272 = dG^P - d jf 1} = 16994 - 16722 

2 Ti = 336 = i?l 15 ' 63) 





= 438 = 


2nd O.p.C. / 3rd O.S.C. 


Tia 


= 648 = 


2nd O.p.C. / 3rd O.S.C. 


Tl 3 


= 906 = 


<9jf 1} - AGf = 1226 - 320 


T14 


= 1422 = 


= 2nd0.p.C. / 3rd O.S.C. 




= 2340 = 


= 2nd O.p.C. / 3rd O.S.C. 


Tie 


= 4320 = 


= 4 31 < 511) 
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Now the alternation map A is closely related to the odd-integer partitions of the number 8: the quadripartite 1+1+3+3=8 and 

the bipartite 5+3=8 and 7+1=8. Thus the action of A can be put in one-to-one correspondence with either the alternation of 
the halves of the quadripartite or the alternation of the full bipartite partition(s). As Table 9 shows, the alternation of the halves 
of the quadripartite partition fits in one 8-period of Euclidean space dimensions and in fact is in one-to-one correspondence 
with the action of A on characteristic increments in that 8-period of Euclidean space dimensions; thus the alternation of the full 
bipartite partitions should fit in two such periods and be also in one-to-correspondence with characteristic index increments in 
there. Writing 

i = 2 s + Ai, 

j = 2 s + X 1 + A 2 , (a > 3) 

(55) 

k = 2 s + A : + A 2 + A 3 , 
I = 2 s + A : + A 2 + A 3 + A 4: 
we arrive at the following conjecture which supplements the corollary of Section 5.4 ■ 



Conjecture 2: The kissing number associated with a hypersphere configuration of densest packing in Euclidean space Rn 
representable both by a binary synoptical difference expression and a unary parafermial difference expression df q ' ] for n < 8. 
When n > 8, representations can be assigned accordingly and either are pairwise binary synoptical and associated with dimen- 
sions i and k or are of the form iS^ 3 ' 113 ^, $^ i ' <?! '' and associated with j and I, while consisting of 2nd-order p.e. 's/3rd-order s.e. 's 
at interstitial dimensions. i,j,k and I are determined by the above system of equations, and the span of dimensions taken is 
one full 8-period for (Ai, A 2 ) = ({'{ ), (A3, A4) = A ((}'})) and two successive 8-periods for (Ax, A 2 ) = (|'|), (A3, A 4 ) = A ((jj'f ))• 

Note that Conjecture 2 does not imply instantiations of (A 1; A 2 ) repeat periodically, meaning that if T 2 s + \ 1 is representable 
binary synoptical, T2 s + c +Ai (c = const.) is too. Neither the input/output entries of Table 4 nor the /3-sequence of Table 8 which 
share with Ai, A 2 ,A3, A4 the A-mapping precept, signal such periodicity, so this question remains undecided for the time being. 



Addendum: A proposal for a geometrical representation 

Apart from the conjectured connection with topological properties of densest sphere packing, nilpotent operators such as 
anc l fi(p) have interesting representations in ordinary plane trigonometry, involving cardiods whose cusps are located at the 
origin. Consider cardioid a) in Fig. 1, 




Fig. 1 

which has the polar representation (a a parameter) 

r = a(l + cos 6>), (A.l) 
and compare it to cardiod b) with polar representation 

r = a(l + sin0). (A.2) 

Obviously cardioid a) is transformed into cardioid b) by a quarter-turn around the origin and into cardioid c) by a half-turn or 
flip-over. Recalling that C3 and c 2 , the basic building blocks of f^ and for p > 1, realize such transformations in matrix 
form, we may conclude they lie at the basis of planar representations of f^ and h^ p \ Whichever of the two may be used, they 
should be made an infinite process to mirror in a geometric spirit the forming of the root-/- and root-ft, sequence. Now reflection 
is an operation indivisible within the framework of plane trigonometry, so we are left with rotation as a vehicle to express the 
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infinite sequence. It would consist, first of no turn, followed by a quarter-turn, followed by further turns of ever-halving angle 
measured in radians as shown in Fig. 1 (see cardioid b') as an example of an intermediate stage of this process): 

n = a(l + cos(0+f=l-7r)), i = log 2 (p + l),pe {1,3, 7,...}, (A.3) 

whence in the limit - as though it was effected by ci - cardiod a) would take the position of cardioid c): 

lim a ( 1 + cos(6> + 2=1 • n)) = a(l + cos(6» + n)) = a(l- cos 9). (A.4) 

p— too \ V " 1 / 

Let us expound the details of the envisaged representation. The cardioid arclength is determined by the integral 



0.2 



ds, (A.5) 



where ds = \J r 2 d6 2 + dr 2 . For cardioid a), ds equals 2a cos |d#. This function remains valid if the arc traced between the limits 
doesn't cross the cusp or its antipodal point. The maximal admissible interval for the lower and upper limits thus is (0,7r), and 
the circumference becomes 

7T 

C = 2 J ds = 8a; (A.6) 
o 

otherwise, the circumference turns 0, a result which is in accord with the nullity of an order-p nilpotent operator for exponents 
larger than p + 1, and immediately makes clear that this operator exponentiated has to be represented by a compound of 
arclengths which eventually transgresses the 4a boundary. In the case of cardioid a) in motion, the total angle accruing from 
counterclockwise rotations toward cardioid c) according to Eq. (A.3) does not exceed w. To properly map the nilpotency 
condition, however, we must after each step use the £-axis as an equatoi p""| and 1) separate arc parts from the upper half-plane 
with lower and upper azimuth m and Vi from those of the lower half-plane with azimuth u, and Vi, and 2) keep track of the 
gap in the upper half-plane left behind by the moving cardioid with lower and upper azimuth co-u^ and co-Vi. As for actual 
arclength computations an option has to be taken of either using the cardioid-at-rest arclength function or the cardioid-in- 
motion counterpart. Let us first examine option 1 according to which we have to compare arclength parts of the cardioid in 
motion with those of the cardioid at rest. It turns out that to accommodate cardioidic motion the lower and upper integral 
limits have to be determined by the coordinate transformations 

upper half-plane: 

(ui,Vi) = (£=j • TT, tt) -> (wi,Zi) = (o, (l - 2=1 J ttJ , 

(co-it^co-Wj) = (co-Wj,co-Zi) = (o, |=1 -7rJ , (A. 7) 

lower half-plane: 

(ui,€i) = (w, (l + |=l) ttJ -> (wi,Zi) = ((l - f^i) 7r,7r) , 

where of course i = log 2 (p + 1), p G {1,3, 7, . . .} both times. Labeling the corresponding arclengths A4 and Ai and computing 
these for the first four cardioid stops r x = a(l + cos 6), r 2 = a(l + cos(# + |)), r 3 = a(l + cos(9 + |7r)), r 4 = a(l + cos(#+ |7r)), 
one finds 



Ai = J* 2a cos |d6» = 4a; 
A 2 = J Q f 2acos|d^ = 4a- 
A 3 = 2acos|d0 = 4a 
Ai = | Q f 2acosfd6»^4a' 



VI. 

2 ' 

2 ' 
V 2-^2+75, 



1 In case of a process r\ = a(l + sin(6 | + 2q-i • 7r)) the y-axis has to be used as equator 
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and for the subequatorials, 



A 1 = fj2acosfd<9 = 0; 



A 2 



/:2acosfd0 = 4a(l- ^) ; 
/:2aco S fd0 = 4 a (l-^Vl) ; 



= /J 2acos fdfl = 4a (l - V^+v^ ; 



A nilpotent operator of order p, p £ {1, 3, 7, . . .}, then is representable by A it i — log 2 (p + 1), and the action on itself by the 
operation 

(A i ,A i ) = 2- A ^0. (A.8) 
The auxiliary expressions co-Aj (for co-arclength on a cardioid fixed at rest) are given by 



co-Ai = J °2acosfd(9 = 0; 
co-A 2 = J f 2a cos §d6> = 4a • ^; 
co-A 3 = J |7r 2a cos §d0 = 4a • ^±^; 
CO -A 4 = ff 2a cos §d0 = 4a • VW^Wf . 



and obey the Vieta condition, i.e., for a = | form the Euler product 



lim ? 



(A.9) 



i=2 



The "unmoved-mover" representation constructed this way seems to be akin to the root-/ sequence since the integration limits 
are derived by coordinate rotation (see transformations A. 7). Following this reasoning, a "moved-mirror" representation akin to 
the root-/i sequence is expected to ensue from option 2 with integration limits derived by coordinate reflection. To see if this is 
true we introduce the arclength function of the cardioid in motion, As — 2acos(| + . |)d#, an d look what else is needed 
to reproduce identical results in terms of arclengths when this function is used. It turns out that in all azimuth-to-integration 
limit transformations there is a flip over the equator (x-axis) in this case, 

upper half-plane: 

= -> ( Wi ,Zi) = ((2- 2=i) 7T,7r) , 

(cot*, co-Vi) = (0, • tt) (co-^i, co-z,) = (2tt, (2 - tt) , (A.10) 
lower half-plane: 

(Ui,Vi) = (tt, (l + £=*)*)-► (ttfj, «() - (tt, (l - 2=1) tt) , 

confirming the expectation that the corresponding set of arclength formulae is akin to the root-/i sequence. This conclusion is also 
supported by interordinality considerations. Recalling that for the root-/ sequence the carry-bit neighbor link is characterized by 
relations that either are purely interordinal (Eq. 28) or intraordinal (Eq. 29) whereas for the root-/i sequence the corresponding- 
link mixes interordinal and intraordinal relationship (Eq. 50), we can observe a similar phenomenon in the present planar 
representations. Thus for the upper definite-integral limit co-Zj/, e.g., we find 



in the "unmoved-mover" representation: 



CO-Zi 



P+i 



and in the "moved-mirror" representation: 
where i' = \og 2 (p' + 1), p' = 2p + 1 and p£ {1,3,7, 15,...}, which completes the analogy. 



(A.ll) 
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